Lecture 18: More on column space algorithm, null
space, extending LI sets, finding and extending bases
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16.4 Why does the column space algorithm work
-1 2 1 4
Col 5 10 —4 19] = span (10) ( 4) , (19)}
-2 4 2 8
We'd like to find a basis:

1 2 -1 4 3
[5 10 -4 19] [ —1] ~ 1]
2 4 -2 8 0 O O 0

Ly RREF
Basis for the column space: {(5) , (—4)}
2 -2

When we want to solve the following problem:

e T

We obtain the following solution:
1 2 -1 440 1)2 0 3,0
[5 10 -4 19 0]~...~ 0 0 @ ~1 0]
2 4 -2 810 0 00 010
—2s — 3t KREF
S = s s,;tER
t

If we chooses := —1 and t := 0:

1 2 0 1 2
2-(5)—1-<10)=(0) = 2'<5>=<10)

2 4 0 2 4
If we chooses :=0 and t := —1: -

) ) ()06 ()-()

—

So, we can remove the 2nd and 1st vector without changing the span. The
remaining vectors are linearly independent because:

“(g)e (il) (0

1 =140 —1

[5 —4 0] 1 ~

2 =210 0 0
Is’coml*)rd
column of abovt
RREF

16.5 How we define the null space

1 2 -1 4
=|5 10 -4 19|
2 4 -2 8

Null(A) = {x* € R*|Ax = 0}
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Using this definition *, we can easily check if a vector is in Null(A) or not:

(1,0,0,0) & Null(A) (2,—1,0,0) € Null(A)
because: because

1 2 -1 4 é 1 0 1

[5 10 —4 19]' ol = 51+ 10 [5 10 —4 19

2 4 -2 8 0 2 0 2

This method is much easier than considering a spanning set and asking if a vector
is a linear combination of two vectors in the spanning set.
We can fortunately describe spans as null spaces:

wrle) )

1 1
=45- 2)+t- 0fls,teR
3 1
X 1 1 X
= <y> s-<2>+t (0)=<y> for some s,t € R
Z 3
X\ [1
= <y> 2 ] [ ] for some s,t € ]R{}
z/ 113
x| 1 1]|x
= <y> 2 0|y|is consistent}
z7V13 1]z
xni[1 1 X
= <y> 0 -2 y—2x ] is consistent}
zZ0 0 |z—y—x
X
) <o
z
X X
= {(3') [-1 -1 1]- [y = [0]}
z z

=Null[-1 —1 1]

16.6 Extending linearly independent sets to a basis of R™

1 2 -1 4 2 0 3
=[5 10 -4 19[~[0 0 (@) -1
2 4 -2 8 0 0 0 O
RREF
1 0
So, a basis for the row space is 0l (1)
3 -1

If we want to extend this basis of Row(A) to a basis of R*, we have to add two
more vectors. The easiest way is to add vectors (0...0 1 0...0) where the 1isina
column in which the RREF didn't have a leading 1. In our case:

1 0 0\ /0

2 0 11/(0

o)\ 1 J’toJ’{o

3/ \—-1/ \0/ \1

Then,

1 2 0 3 1 2 0 3 1 2 0 O 0 0 O
0 01 —1({_[0 1 0 0~0100~0@00
01 0 O 0 01 -1 0 01 0 OO@O
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A e VU LA e VU .LL'U\JW\.I\.I\.I
001 -1] [0 10 of_ o1 0 of_ [0@0 o0
010 offoo1-1"foo 10 fo0®OQ
000 1l looo 1]looo 1 looo

There is a leading one in every column, so the vectors are linearly independent,
and hence form a basis of R*.

dim(Row(A)) = rank(A) dim(Null(A))
= # of columns of A —rank(A)

dim(Col(A)) = rank(A)

17 Bases and invertible matrices

17.1 Finding bases in general vector spaces

Problem:

Find a basis of the subspace W of P5:

W=span{3 + x + 4x? + 2x3,2 + 4x + 6x% + 8x3,1 + 3x + 4x? + 6x3,—1 +
2x + x% + 4x3}

Choose an ordered basis of P, say B = {1, x, x2x3}, and work with the coordinate
vectors, which live in R4

3
41’ 4]’
21p g L6l

Run the row space algorithm:

BN

B

2 |4 2 I 34 L I %24 ¢ Do 1 ©
7246 3% 6 -2 -2 - o1 | 2 o1 2
Y 4 U b ~ 0~3-7-IB’V 00 o0 O NOOOO
_lzlli 055'0 OOOO 00 OO
Rees

Read off a basis and translate back to P5:

l(l)\ li - {1+x%x+x%+2x3}
0lp 121g

17.2 Extending LI sets to bases in general vector spaces
Problem
Extend {1 + x2,x + x? + 2x3} to a basis of ;. We use the same strategy as

1 0
before. Consider [2 , 1 and add two more vectors:
0 0lp [21p
0 1 0 0 0 O
\d
° io 1@ 2[_ [0o@®o o RREF
"i 0100 |00@DO
e
0 0 0 1 0 0 O

The basis of R* is:

iRiRR

- {1+x%x+x% 4 2x3,x,x3}

S O
= = )

B
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